We study the renormalization of a non-minimal coupling in the scalar quantum electrodynamics (QED) and chromodynamics (QCD). We find an inhomogeneous solution to the renormalization group equation (RGE) at the one-loop order. This is in contrast to other theories, where an inhomogeneous solution to the RGE appears only at a higher order: e.g., three-loop order in λφ 4 theory. Only in the QCD (asymptotic free gauge theory) the inhomogeneous solution has an adequate sign to effectively increase the Planck mass with a scalar field value. We discuss its implications for inflation models.
Introduction
Properties of the energy-momentum tensor T µν are of particular interest in quantum field theory even in the flat spacetime. It determines the linear response of matter to external gravitons. It is a single place where we can study a non-minimal coupling of a scalar field φ to gravity, ξRφ 2 (R: Ricci scalar), in the flat spacetime. It provides an improvement term, −(∂ µ ∂ ν − g µν ∂ 2 )φ 2 , to T µν in the flat spacetime. The improvement term does not change the conservation of T µν nor the corresponding Poincaré algebra [1, 2] .
The improvement term, on the other hand, changes the trace of the energy-momentum tensor, T µ µ by 2η∂ 2 φ 2 . Here ξ = ξ c + η/(d − 1) with the conformal coupling being ξ c = (d − 2)/(4(d − 1)) in d dimension. The improvement term leads to an uncertainty of T µν : T µν that couples to gravity does not need to satisfy T µ µ = 0 even if matter is at the conformal fixed point. Meanwhile, the improvement term is subject to renormalization, although T µν is naïvely expected to be finite due to its conservation. Namely, one has to renormalize η.
The renormalization of η is of interest as it is and studied intensively in λφ 4 theory [3] [4] [5] . The key is that the renormalization group equation (RGE) of η is inhomogeneous. The inhomogeneous term arises from the renormalization of trace-anomaly terms (i.e., composite operators [6] [7] [8] [9] ). Trace anomaly is violation of conformal symmetry at a quantum level and provides terms in proportion to a β function to T µ µ [1] [2] [3] [4] [5] [10] [11] [12] [13] [14] [15] [16] . The inhomogeneous term of the RGE induces the inhomogeneous solution of ∆η irrespectively of our choice of η and thus ∆η is a quantum-induced value of η [17] . The inhomogeneous solution of the RGE would lead to an important consequence in phenomenology. For example, a small change in the non-minimal coupling would lead to a detectable change in the prediction of inflation dynamics: the chaotic inflation with a simple power-law potential [18] , whose large tensor-to-scalar ratio is disfavored by measurements of cosmic microwave background (CMB) anisotropies [19, 20] , gets viable again just with ξ ∼ −10 −3 [21] [22] [23] .
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Meanwhile, an inhomogeneous solution tends to appear at a multiple-loop order: threeloop order in λφ 4 theory [3] [4] [5] ; and at least two-loop order in the two scalar theory and Yukawa theory [17] . We devote this article to investigating the RGE of η and its inhomogeneous solution in scalar quantum electrodynamics (QED) and chromodynamics (QCD). For a fermion version of these theories, trace anomaly is known at all orders [12] [13] [14] 16] . We find an inhomogeneous solution at the one-loop order.
This article is organized as follows. In the next section, we discuss a general property of the RGE of η to identify what to be computed. We introduce the one-loop result in Section 3 and provide a one-loop inhomogeneous solution to the RGE. We mainly work it out in the scalar QED, where one does not need to care ghost fields, for the sake of simplicity, although it is straightforward to generalize the result to the scalar QCD. 1 The minus sign originates from our convention following Refs. [5, 24] : the metric signature is (+, −, −, −); the Einstein-Hilbert action with a free singlet scalar is
with the reduced Planck mass M pl ; and the four-dimensional conformal coupling is ξ c = +1/6. Section 4 is devoted to discussing the implications of the result. Throughout this article, we adopt the modified minimal subtraction (MS) scheme [25] [26] [27] with d = 4 − . We summarize related one-loop calculations in Appendix A.
RGE of η
The scalar-QED action is
with D µ being the gauge and diffeomorphism covariant derivative. We omit the gauge fixing term S fix as discussed in Ref. [28] . Parameters are a gauge coupling e (charge being Q), a scalar mass m, and a quartic coupling λ. The subscripts 0 denote the bare fields and couplings. We provide details of multiplicative renormalization in Appendix A.1. We remark that in the flat spacetime, the non-minimal coupling ξ does not affect multiplicative renormalization. We define energy-momentum tensor as a linear response of the matter action to the metric:
The d-dimension flat-spacetime energy-momentum tensor is given by
Taking the trace, one finds
where the last term is proportional to the equation of motion as
In the flat-spacetime, T µ µ is almost pre-determined by the multiplicative renormalization of the fields and parameters. The single exception is the non-minimal coupling η, the renormalization of which is determined by the renormalization of T µ µ itself. We renormalize η as
with the wave function renormalization of φ being Z φ . As discussed in Ref. [17] , the RGE of η takes a form of
where η and γ φ 2 should be understood as a vector and matrix, respectively, for multiple scalar fields. Here
and a square bracket denotes the renormalized composite operator. The homogeneous term is proportional to the anomalous dimension of φ 2 in the RGE. This is because the renormalization of the scalar field squared is multiplicative, Z −1
means that all the counter terms to renormalize φ 2 is included in Z −1 φ 2 Z φ .β η denotes the inhomogeneous term of the RGE and induces ∆η through the running irrespectively of our initial choice of η. This ∆η is nothing but a quantum-induced value of η. In the next section, we determineβ η by determining Z η at the one-loop level.
One-loop solution
As stressed in Ref. [28] , a key point is that T µ µ contains terms proportional to . These terms vanish in the limit of → 0 at the classical level, but not at the quantum level due to the renormalization of composite operators. This is the origin of trace anomaly. In the scalar QED, the leading-order trace of energy momentum tensor is
where we use the renormalized fields and couplings, and the beta function β e at the one-loop level is defined by
with b = Q 2 /3. Hereafter we assume that the quartic coupling λ is negligible. This formula is generalized to the scalar QCD with the replacement of
Figure 1: One loop diagrams for scalaron decay σ → φφ. Crossed dots denote insertion of the energy-momentum tensor.
T (Ad) and T (φ) denote one-halves of the Dynkin index of the representation for the gauge field and scalar field, respectively. As seen in Ref. [28] , trace anomaly plays an important role in decoupling of heavy degrees of freedom.
In the following, we explicitly compute one-loop RGE of non-minimal coupling in scalar QED. For diagrammatic convenience, we introduce "scalaron" σ that couples to T µ µ .
Although we use the "scalaron" decay amplitude for illustration, our analysis is applicable to studying the properties of non-minimal couplings in the models without scalaron. Fig. 1 shows one-loop diagrams contributing to σ → φφ in scalar QED. Fig. 1 (a) and (b) originate from the insertion of the beta-function term in Eq. (10), while Fig. 1 (c) from the insertion of the non-minimal coupling. Contributions to non-minimal coupling are proportional to an incoming momentum squared p 2 . We focus only on the renormalization of η, which is determined by divergent parts of these diagram. Thus, we take the massless limit of external scalar fields, especially external momenta q 2 = k 2 = 0, without loss of generality. We also take the Feynman-'t Hooft gauge, since η is a gauge-invariant quantity and thus its RGE does not depend on the gauge choice.
The divergent parts of Fig. 1 are
The total one-loop divergent part of the scalaron decay amplitude is given by
This divergence determines a counter term of the non-minimal coupling.
To make total amplitude finite, Z η is determined as follows.
withβ η = 9Q 2 andγ = −2Q 2 . This formula is generalized to the scalar QCD with the replacement ofβ
where C 2 (φ) is the quadratic Casimir for φ. From Eqs. (17), (30) and (33), we obtain the one-loop β function of η as
where one can check thatγ φ 2 =γ φ +γ from Eqs. (18), (35) and (52). The solution is
Here, the subscript i denotes the boundary condition for the RGE: η = η i at e = e i . The first term is the homogeneous solution and the second term is the inhomogeneous solution. In the scalar QED, we get η = η i e 2 e 2 i −9
Discussion
The energy momentum tensor is the single place where we can study the properties of non-minimal coupling in the flat spacetime. We have studied the RGE of η in the scalar QED and generalized the result to the scalar QCD. We have found the inhomogeneous solution of the RGE at the one-loop level, in contrast to the two-scalar theory and Yukawa theory [17] . Before discussing the inhomogeneous solution, the homogeneous solution deserves an attention. In the scalar QED, it blows up toward low energy as the gauge theory becomes more weakly coupled. This is because of γ φ 2 < 0, in contrast to the λφ 4 theory [3] [4] [5] and Yukawa theory [17] . Since the scalar mass squared follows β m 2 = γ φ 2 m 2 , the scalar mass squared also blows up toward. It means that the scalar QED does not approach a massless (conformal) free scalar theory at low energy, without fine-tuning. On the other hand, the scalar QCD approaches a massless free scalar theory at high energy as the gauge theory becomes more weakly coupled.
The inhomogeneous solution is a quantum-induced value of η, since it is sourced by the inhomogeneous term of the RGE and appears through the running irrespectively of our choice of η. We note that the inhomogeneous term of the RGE, which sources the inhomogeneous solution, arises from the (composite-operator) renormalization of traceanomaly terms [17] . It is given by
Note that one can change b by introducing additional field contents whose direct coupling to φ is suppressed:
where F and S run over the Weyl fermions and complex scalar fields including φ, respectively.
To resurrect inflation with a single power-law potential, one prefers a slightly negative value ξ ∼ −10 −3 [21] [22] [23] . Suppose we set the homogeneous solution as η i = −1/2 at the tree level, although it is possible to impose ξ ∼ −10 −3 by hand. To have ∆η ∼ −10 −3 as a quantum-induced value, b < 0 and −γ Finally we remark that there is one important subtlety when one identifies φ as inflaton. During inflation φ may take a field value, which breaks the gauge invariance and gives mass to gauge bosons. In this case, an additional contribution to the threshold correction may appear from diagrams with the gauge boson mass term being inserted. We will study it somewhere else.
A One-loop calculations
In the following calculations, we use the MS scheme with a spacetime dimension of d = 4− and a renormalization scale of µ, while compensating a mass dimension by a modified renormalization scaleμ defined byμ
with γ E 0.577 being Euler's constant. One-loop functions are summarized in Appendix A.2.
A.1 Scalar QED
The Lagrangian density is
with D 0µ = ∂ µ − iQe 0 A 0µ being the gauge covariant derivative for a charge Q. We have integrated out the NL and (anti-)ghost fields. Multiplicative renormalization is set for fields as
and for parameters as
and
The Lagrangian density in terms of the renormalized quantities is
The Ward-Takahashi identity warrants that Z e = Z φ = Z e 2 , Z A is independent of ξ gf , Z ξ gf = 1. It follows that
We use Feynman-'t Hooft gauge (ξ gf = 1) in the following loop calculations. The one-loop self-energy of the scalar field φ is given by
The counter term is determined to make the vacuum polarization finite,
and we get
The anomalous dimension of φ is
2 . This result is generalized to the scalar QCD with the replacement of Fig. 1 shows one-loop diagrams contributing to σ → φφ in scalar QED. Contributions to non-minimal coupling are proportional to an incoming momentum squared p 2 . Fig. 1  (a) gives
with
In terms of the loop functions, Fig. 1 (b) gives
Here, we keep the mass of φ in the loop, m 2 , as an infrared regulator of the loop integral. In terms of the loop functions, Fig. 1 (c) gives
with 
We consider the renormalization of a composite operator |φ| 2 (mass operator). The renormalized mass operator is written in terms of bare/renormalized fields as follows: Here, a square bracket denotes renormalized composite operators. Fig. 2 shows the oneloop diagram with φ 2 being inserted:
The explicit form is A(m 2 ) = m = i 16π 2 C 0;µ;µν (q 2 , k 2 , p 2 ; m 
where p + q + k = 0 and C µ = q µ C 11 + k µ C 12 , C µν = g µν C 24 + q µ q ν C 21 + k µ k ν C 22 + (q µ k ν + k µ q ν ) C 23 .
For our purpose, again we can take m 1 = m 2 = m 3 = m:
